In connection with a proposed calculation of single pion production in nucleon-nucleon collisions, the process of pion-nucleon scattering in which the incoming pion is virtual is investigated by means of the dispersion theoretic method develcped by Chew, Goldberger, Low and Nambu. The static limit is studied in detail and the Chew-Low amplitude for virtual scattering is shown to result for small virtual pion masses. More generally, it is proposed that the Blankenbecler-Gartenhaus soluticn, which is recorded, may provide a useful approach in applications in which large virtual pion masses play an essential role. § I. Introduction
In this paper, we shall study the procEss of pion-nucleon scattering, in which one of the pions is taken as virtual, by means of one-dimensional dispersion relations in the total energy variable. Such an investigation is clfarly of interest for application to selected inElastic pion-nucleon phenomena such as single pion-production in either pion-nucleon or nucleon-nucleon collisions. Detailed application of the results of this paper to the latter process will be described in a subsequent paper by the p 2 p; p; p;
authors. The approach used in this paper is, of course, very similar to that applied by several authors 1 l to the electro-pion production process.
In these problems, the invariant amplitudes for which dispersion relations are written are functions of three parameters, since the variable mass of the virtual particle occurs in addition to the usual invariant measures of energy and momentum transfer. We shall proceed without questioning the validity of our relations as a function of the additional variable.
I I I I
q Since the precise amplitude to be studied has been chosen with a definite application in mind, namely, single pion-production in nucleon-nucleon collisions,. let us consider briefly the manner in which it enters into a simple proposed description of that process. We consider the matrix element corresponding to Fig. 1 as the most important contribution (peripheral interaction model). The matrix element in question can be written as follows:
where the pi, p/ and q are the 4-momenta of the initial nucleons, of the final nucleons, and of the pion, respectively. Jn( ±)) is the outgoing (incoming) state with character n. a and p denote the isospin indices. ja(O) is defined by the equation of the pion field rfta(x), i.e. (2) In Eq. (1) ( (-)p/q 13 Jja(O) Jp 1 ) is the matrix element for the virtual-pion nucleon scattering (or we may describe this as pion-production in nucleon scattering by an external pion field). This will be studied in § 1 and § 2 by the method due to Chew, Goldberger, Low and Nambu, 2 > together with the theorem found by F.N.\V. In § 4 we shall also record the BlankenbeclcrGartenhaus3J solution for this process in connection with the single pion-production by nucleon-nucleon collision.
The main result of this work is that for virtual pion masses small compared with M, the nucleon mass, the results of the Chew-Low theory for off the energy shell p-wave scattering are reproduced. It is suggested that when this parameter becomes large, as it does in the applications contemplated, the Blankenbecler-Gartenhaus solution may represent an improvement ever both the Chew-Low theory as well as over another fashionable approximation which ignores completely off the energy shell effects. § 2. Dispersion relation and partial wave decompositions
We shall study the following relativistically invariant amplitudes, which is related to the vertex function as follows : (4) Following F.N.W., we define the three invariant parameters:
Then Eq. (3) tas a form similar to the case of real pion-nucleon scattering: (6) where A and Bare functions of v, vn and t 2 and are operators in isospin space.
The separation of isospin operators is done as usual by defining
The dispersion relations for A c±> and Be±> have the form:
where g is the usual rationalized renormalized pseudo-scalar coupling constant.
The above relations are meaningful only for suitably restrictive assumptions concerning the high energy bebavior 5 > of Im A<±> and Im Be±>, but we shall suppose the above relation to be right. Our treatment will effectively exclude the r.:-:r interaction from direct consideration. In principle, however, we could extend our considerations to include the effect, for example, following the method of Cini and Fubini. 
Next we formally define the virtual scattering and partial wave amplitudes as follows:
where w, q, t 0 and t are the energy and the momentum of the final pwn and of the virtual pion in the C.M.S. respectively. P).'fl (x) is an eigenfunction of the total angular momentum J =l± 1/2, and Pr is the projection operator for isospin T. hT± denotes an amplitude with the total angular momentum J =l± 1/2 and the total isospin T. hi± is a function of t 2 and W. From Eq. (10), we have f h +a-· qu· tf2, 00 CXl
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From Eqs. (10) and (11), we now find
where Ei is the energy of the nucleon i in the C.M.S. and is connected with W and t 2 as follows :
Finally we find the following relations by using Eqs. (11) and (12),
00 00
To obtain the approximate value of the imaginary part of h~, we use the one-pion approximation. (This approximation is, of course, valid for energies below the pion production threshold.) Then, according to the theorem due to F.N.W., we have the relations
where
q and of± is the pion-nucleon scattering phase shift with the total angular momentum J =l± 1/2, and isospin T. This relation will be exploited in the next section. § 3.
Integral equation . for hT±
In this section we shall obtain integral equations for the amplitudes h~ in the low energy region. C.G.L.N. have shown one way to obtain such integral equations for hT± from the dispersion relations. Blankenbecler and Gartenhaus have recently suggested another more powerful procedure. We shall first discuss our problem by the method of C.G .L.N. The assumptions we make are: i) One-pion approximation. 
Differentiating Eq. (19a) with respect to z and setting z=z 0 , we have 
Our next task is to connect these equations with the dispersion relations, Eq. (9). Before going on to this work, we consider the contributions to the dispersion integral in Eq. (9) . Because of the relation Eq. (16) in the onepion approximation, we may infer that the (3/2, 3/2) amplitude is quite large compared with the other amplitudes. Therefore we can make the following approximations for Im Ac±J and Im Be±> in the dispersion integral by considering Eq. (14), i.e.
ImAc::-J(W' z t 2 ) :-::::4;.[
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Then considering Eq. (9), (21), (22) and (23), we reach the desired
s an examp e, we ave or P(l/2)-P(3/2h
The other amplitudes also have a structure quite similar to tnat of the above equation. These expressions in all are too complicated to analyze as they stand. \Ve therefore study the static approximation to see whether or not any differences exist between this case and the real scattering one. 
We do not record the corresponding equations for the s-wave, smce we k.nm,v that s-wave certainly cannot be represented accurately by this method. The solution of these equations is 
B,
where and Qi(() denotes the Legendre function of the second kind. These solutions are obtained on the assumption that A<±) and B<±> have, in good approximation, the phase a 33 ( r;), after we subtract the small phase shifts. This assump-Thus the appreciable effects of the virtt.:al nature of the external source occur when t 0 :=;0, or t 2~ a few M.
For the large t 2 case, so far no promising theory has been proposed. As a possible approach we suggest the Blankenbecler-Gartenhaus solution, which is recorded here, but not studied in detail.
